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Abstract. Starting with local regular symmetric Dirichlet forms, our paper studies some 
elements of vector analysis, L p -spaces of vector fields and related Sobolev spaces. These tools 
are then employed to obtain existence and uniqueness results for some quasilinear elliptic 
PDE and some SPDE in variational form by classical methods. The setup is sufficiently 
general to be applied to Dirichlet forms on fractal spaces such as finitely ramified fractals 
and Sierpinski carpets. 



The paper is concerned with some elements of vector analysis on topological spaces that 
carry a local regular Dirichlet form. We start from the notion of 1-forms based on energy 
as recently introduced by Cipriani and Sauvageot in [91 [10] and further studied in [23]. It 
is shown below that for local forms their concept may be seen as an extension of closely 
related and preceding constructions of Eberle, [13], based on abstract differential operators. 
This framework is then used to define L p -spaces over fields of measurable Hilbert spaces, 
the space of 1-forms in the sense of [HJ [TU] appears for p = 2. Related Sobolev spaces come 
up naturally. Finally these tools are applied to quasilinear elliptic PDE in divergence and 
non- divergence form and finally to SPDE in variational form such as, for instance, the p- 
Laplace equation. We obtain existence and uniqueness results by classical fixed point and 
monotonicity arguments. 

The main motivation for the present study comes from the analysis on fractals, cf . [251 112] • 
For certain classes of fractal sets the existence of a Laplace operator has been proved, see 
[U [21 El EH [251 Ell EH HQ] and the references therein for some examples. Linear elliptic 
and parabolic PDE on fractals can then be treated by standard methods, [14] . Semilinear 
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1. Introduction and setup 



equations have been studied in [15]. There are also methods that apply to fully nonlinear 
problems, see for instance [U [37] for porous medium equations. However, to our knowledge 
quasilinear equations of type div(a(Vu)) = f or —Am + b(Vu) = f with generally nonlinear 
coefficients a and b have not been considered so far, as a feasible notion of gradient V on 
fractals had not yet been available. 

In [9] and later in [TU] and [23] a Hilbert space "H of 1-forms and a related analog d of the 
exterior derivation had been introduced by means of tensor products and energy norms, see 
Section [2] below for precise definitions. Its norm is most conveniently expressed in terms of 
energy measures in the sense of Le Jan and Fukushima, [TU [30] (see also [381 EH] ) . Without 
too much effort a related notion of energy measures for 1-forms can be introduced, what 
yields a coherent picture and is useful in some applications. 

The energy measure of a bounded energy finite function may be absolutely continuous 
with respect to the given reference measure or not. In Eberle [TBI Section 3.2 and Appendix 
D] it is shown how to construct derivation operators if the energy measures are absolutely 
continuous for all functions from a dense algebra contained in the domain of the generator. 
On fractal spaces energy measures are typically singular with respect to the self-similar 
Hausdorff measure of the base space, cf. [3 [191 1201 [29]. However, the construction in [131 
Theorem 3.11] is still possible if we choose a finite or countable pool of functions admitting 
energy densities and being energy dense in the space of bounded energy finite functions. 
Switching to a suitable measure if needed (called an energy dominant or Kusuoka measure, 
[221 W7\). this can be realized for any local regular Dirichlet form. 

Following [13J we therefore obtain a measurable field of Hilbert spaces, [121 0j5]. Rewriting 
the construction using some simple manipulations it can be shown that, roughly speaking, the 
resulting direct integral is a Hilbert space isomorphic to the space of 1-forms "H, and the direct 
integral of Eberle's fiberwise operators coincides with the derivation d in the sense of Cipriani 
and Sauvageot. Apart from minor modifications this material is not new in substance. 
However, the connection between these two constructions had not been established before. 
Our comparison shows that concerning their hypotheses, the construction in [91 [TO] could be 
viewed as an extension of that in [T3l Theorem 3.11], now based on a local regular Dirichlet 
form instead of an abstract differential operator. Even more importantly, our reasoning 
provides a constructive fiberwise interpretation for % that carries over from JT3] and is 
particularly useful to define L p -spaces of vector fields. Our main motivation for this paper 
is, moreover, to establish a basis for further studies of first order differential operators on 
fractals, which have never carried out before. Examples of such operators and equations 
include the Navier-Stokes equations on fractals and Dirac operators, in particular operators 
related to magnetic fields. 

By the self-duality of "H we regard its elements also as vector fields and d a gradient oper- 
ator. As a first new result, a corresponding divergence operator is defined as the adjoint of 
d. Note that although Eberle considers the adjoint of the derivation operator, [T3T Chapter 
3 b) , Section 1] , in his case it is part of the basic hypotheses and the discussion there aims at 
constructing Sobolev spaces of functions rather than at investigating spaces of vector fields. 
Using the above mentioned fiberwise interpretation, it is then straightforward to define Lp- 
spaces of vector fields. To come up with Sobolev spaces of functions that make the derivation 
a closed operator also for p ^ 2, we roughly speaking assume that there exists a core C p of 
functions having p/2-integrable energy densities which is dense in L p and moreover such that 
C p (g) C p is dense in the corresponding L p -space of vector fields. This is clearly satisfied in the 
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classical smooth context. To fulfill it for non-classical examples we propose to investigate 
(abstract) coordinates related to the Dirichlet form. Harmonic coordinates in the sense of 
[27] constitute a prototype case. 

The final applications to PDE and SPDE then follow standard patterns that become appli- 
cable thanks to the definitions and results of the preceding sections. 

Our basic setup is as follows: X is assumed to be a locally compact and second countable 
Hausdorff space; A4(X) denotes the space of (signed) Radon measures on X and Ai + (X) the 
cone consisting of its non-negative elements; a measure \i G Ai(X) is an admissible reference 
measure on X if each open set U C X has positive measure fi(U) > 0. In the sequel we 
assume that /J is an admissible reference measure on X and, furthermore, we assume that 
(£,7) is a local regular symmetric Dirichlet (energy) form on L2(X,fi), cf. [16] . More 
exactly, we begin our arguments with an admissible reference measure /x, and later switch 
to a different measure m if necessary, see Lemma 12.21 below. 

Set C := Cq(X) fl T . By regularity the space C is dense in T . It is an algebra, and endowed 
with the norm ||/|| c := £{f) 1 ^ 2 + sup x |/| we have in particular 

(1) ^) 1/2 <ll/ll c lbll c , 

as a consequence of the Markov property, see for instance [6]. Since Cq(X) C L 2 (X, /x) for 
any Radon measure /i, we have 

C = {feC (X):£(f)<oo}. 

For any g,h G C there exists a unique signed finite measure T(g, h) G Ai(X) such that for 
any / G C, 

(2) 2 / / dT(g, h) = £(fg, h) + £(fh, g) - £(gh, f) . 

Jx 

Obviously r : C x C — > M.(X) is a well defined symmetric bilinear mapping, and for any 
g G C, T(g) G JA+(X). Note that in particular £(g,h) = F(g,h)(X). Therefore r(/) is 
called the energy measure of f, cf. [161 EOJ. By approximation (J2]) may be extended to 
g, h G 7. 

In the next section the definition on the space % of 1-forms is given and the concept 
of energy measure is extended to 1-forms. A fiberwise perspective is investigated and % 
is shown to coincide with the direct integral considered in [T3J Appendix D]. Section [3] 
introduces gradient and divergence, equipped with suitable domains. Sobolev spaces are 
introduced in Section m while Section contains the applications to PDE and SPDE. 

2. The space H and weighted energy measures 

By Bb(X) we denote the space of bounded Borel functions on X. Consider C ® Bf,(X), 
endowed with the symmetric bilinear form 

(3) (a®b,c® d) H := I bddT(a,c), 

Jx 

a c® d G C ® Bb(X), and let \\-\\ n denote the associated seminorm onC® Bb(X). We 
write 

ker \Hn '■= i a ® b e C ® &b{X) : \\a (8) b\\ H = 0} . 
The completion of C ® Bb(X)/ker \\-\\ n with respect to \\-\\ n is denoted by H. We refer to 
% as the space of differential 1-forms on X. Obviously it is a Hilbert space. Unlike for later 
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constructions we agree to use the same notation a g) b for a simple tensor from C £§> Bb{X) 
and for its equivalence class in %. 

Remark 2.1. The space constructed from C (g C in an analogous manner agrees with T-L. 

The space % becomes a bimodule if we declare the algebras C and Bb(X) to act on it in 
the following manner: For a £g> 6 G C (g £>{,(X), c G C and d G Bb(X) set 



(4) 
and 

(5) 



c(a g) b) := (ca) Cg> b — c <g> (a&) 



(a g) 5)d := a g) 



As shown in [9 J and [23], (j4j) and ([5]) extend to well defined left and right actions of the 
algebras C and Bb(X), respectively. From ([3]) and the Leibniz rule for energy measures, see 
[T6| Theorem 3.2.2], it can be seen that left and right multiplication agree for any c G C, and 

as 



max 



a eg) b)c\\ n , \\c(a <g> &)||^} < sup |c| ||a <g 6|| 



x 



it follows by approximation that they agree for all c G Bb{X). See [23] for further details. 

We continue the preceding ideas and develop a global perspective. The following results 
apply even if the energy measures are possibly not absolutely continuous with respect to the 
reference measure m. From V an .M (X)-valued bilinear mapping on "H can be constructed. 
It may be interpreted as a weighted energy measure. For simple tensors a g) b, c <E> al G % set 



(6) 

seen as an .M (X)-equality. 



T^(a g) 6, c (g d) := fed T(a, c) 



Lemma 2.1. extends to a well defined and uniquely determined symmetric bilinear map- 
ping : H x H — > .M(X) swe/i i/iai /or any u E 7i, T-^(u) G .M+(X). For any cu,!] <E H 
we have r%(u;, r/)(X) = (u,ri) H . 

Proof. First note that for any finite linear combination £\ a, (g fej G C (g £>?,(X) for which 



^ a» <g bj 



5]^i i i j r(o i )(x) = o 1 



we have 
(7) 



seen as equality in .M(X). In fact, if ci, c m , di, d n are such that 



£5> 

i=l 3=1 



ft 




3=1 



.1=1 



then ^X]j=i 4> ) r (X)™i c i) = in .M(X) because r(^™ 1 c i ) is a non-negative measure. 
The case c, = a, and dj = 6j if j = i and otherwise yields (J7j). Now consider finite linear 
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combinations £\ fa ® ^ G "H. For each i let /» <g> 6 C <g) Bb(X) be a representant of /j <g> ^ 
and set 



(8) 



F« - J2J29i9^{fi) >0. 



By the previous arguments (jSj) is a well defined element of .M(X). Given a general 1-form 
w G H, let (cufc)^ be a sequence of finite linear combinations 



approximating a; in For a non-negative function cp G Bb(X) obviously G Bb(X) and 
by©, 

lip / v^K) = lim££ / pgWgWdrtfM) 
k Jx k Jx 

= lim ||wjfcv^ll^ 

= IK/^|&. 



Set 



(9) r w (w)(^) :=lim / pdT 



For arbitrary 9^ G Bb{X) consider the standard decomposition (p = (p + — (p_ with (p + = 
max(<y9, 0), = max(— 0) and define a linear functional on Bb(X) by 

(10) r w (w)(y?) := lim / ipdT H (u k ) = lim / (p + dT n (ujk) - lim / dT n (u k ). 

k Jx k Jx k Jx 

II ||2 || ||2 

As this equals Uwy^jTH^ — ||o;y^r|| , we have 

(11) \T n (u)((p)\ < 2sup \tp(x)\ \\u)\\n . 

X 

(|T0|) and (TTTT) hold in particular for any <p G Co(X), (jUJ) is non-negative if 90 > 0. Hence by 
the Riesz representation theorem there exists a unique non-negative Radon measure r^(u;) 
on X such that 

/ <pdrH(u)=r u (u)(<p) for all if G Co(X). 
Jx 

By boundedness (TTTT) and density this extends to all </? G Cft(X), and T n (u) is seen to be the 
weak limit of the measures Ty_(ojk)- Finally, a bilinear mapping T% is defined via polarization, 
and the last statement of the lemma follows easily from (JSJ) and (Q. □ 

To the support of the measure T H (u) we refer as the support of the 1-form cj G %. 
Corollary 2.1. 

(i) If uj G H is such that \\oj\\ n = 0, then T n (u) = in JA(X). 
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(ii) For any u, 77 G H and any Borel set A, 

\T H (u,r])\(A) < T H {u){Af/ 2 T H { v ){Afl 2 

for any Borel set A G B(X). In particular, Y-^ioj^rf) = in M.(X) if u and r\ have 
disjoint supports. 

Proof, (i) is a consequence of (jTTj) . The first statement in (ii) follows by a standard argument, 
see e.g. [32j Proposition 3.3]: By Lemma [2.14 

< T H {u - Xrj) = T n (u) - 2\T H (u,r]) + X 2 T H (r]). 

For any relatively compact Borel set A and any A > 0, 

\T n (u, V )\(A) < ~ (A- 1 r w (a;)(A) + Xr n (rj)(A)) . 

If, without loss of generality, Tuijj) = 0, then we can let A go to zero to see the left hand 
side is zero. If both Tu{uj) and r^(^) are nonzero, consider 

T n (co)(A)^ 

r H ( v )(Ay/* 

to arrive at the desired inequality. By the regularity properties of the measures it extends 
to arbitrary Borel sets. The last statement in (ii) is a simple consequence. □ 

The above picture can be complemented by a fiberwise perspective. The following fact 
is well known, see for instance [22| Lemmas 2.2-2 A]. For the convenience of the reader we 
briefly sketch it. 

Lemma 2.2. Given a regular Dirichlet form {S,^) on L2(X,fi), it is always possible to 
construct an admissible reference measure m such that for all f G C, the measure T(f) is 
absolutely continuous with respect to m and the density dJ \~ is in Li{X,m). m may chosen 
to be finite. 

As usual we write S^f) := S(f) + WfWl^x,^), / ^ J*. 

Proof. As (J 7 , £1) is a separable Hilbert space, it possesses a dense subset {e n } n (in practice 
we may for instance take a countable orthonormal basis). For fixed n, let (<f n ,k)k be a 
sequence of functions from C such that 

Si(e n -Vn, k ) 1/2 <2-\ ken. 

Then {f n ,k} k n is a countable family of functions from C, clearly also dense in T with respect 
to E\. Let {f n } n be an enumeration of this family. For all n G N consider the probability 
measure 

r(/Q 
mn ' r(f n ){x) 

and put 



E 2 " 



m := 

n=0 

proceeding as in the proof of Lemma [2.11 the series is seen to converge in the weak topology. 
For any / G C there is some approximating sequence (f nj )j and by construction each T(f n .) 



is absolutely continuous with respect to m. If B G &{X) is such that m(B) = 0, then 
T(f nj )(B) = for all j and since 

\r(f)(Bf/ 2 - T{f nj ){Bfl 2 \ < T(f - f nj )(B)W < £(f - / nj ) 1/2 , 
cf. [H p.lll], we have T(f)(B) = 0, too. 

Indeed rh is an admissible reference measure: Assume there were an open set U C X such 
that T(f n )(U) = for all n. Let ip G C be nontrivial and supported in {7. As ip can be 
approximated in the ^-norm by a sequence (f n )j, this would entail 

(12) £{ip, V 9 ) = f° r all ^ G C supported in U, 

recall for instance Corollary 12.11 (ii). But then £((p) = 0, a contradiction to the previous 
assumptions on (p. Consequently m n (U) > for some n. □ 

Let us return to the fixed Dirichlet form (S,^) on L 2 (X,fi) as used in (jSJ) and From 
now on we assume that 

m is an admissible reference measure such that for any / G C, the measure r(/) 

is absolutely continuous with respect to m and T(f) = — is in L\(X, m). 

dm 

If all energy measures r(/), / G C, are absolutely continuous with respect to /i, we may use 
m := fi. If not, we switch to the measure m := rh from Lemma [2.21 As this is sufficient for 
later purposes, the above assumption is no additional restriction. 

We recall a construction from [13]. Let Ao = {fn} n be a countable collection of functions 
which is £-dense in C, i.e. such that for any / G C there exists a sequence (f nj )j C Ao with 
linij 8(f — f n ) = 0. For any finite linear combination u = YliLi ^ifi we have 

N N 

< £(u, u 



J^^AiAj / T x (fi, fj)m(dx) 

i=l j=l Jx 

T 

A (T x (fi, fj))i,j=i,...,N^ m(dx), 



x 



—T 



where A = (Ai, Aat) G ~R N and A" is its transpose. Choose Borel versions x h-> T x (fi, fj 
of the classes T(fi,fj) G L\{X, m) such that for all iV G N and all x G X, the matrix 
(I" ' x (fi, fj))i,j=i,...,N is nonnegative definite over Q . For two finite linear combinations u = 
Y^i \fi and v = Y,j ^jfj from A := span(*4 ) set 

T x (u,v) := ^2^2Xi^jT x (fi,fj). 

Then for all x G X, T x clearly is a non-negative definite bilinear form on A. Consider the 
factor A/ker T x , where ker T x := {/ G A : F x (f) = 0} and let d x f denote the equivalence 
class of / G A. Define 

(13) (d x f,d x g) Bx = T x (f,g) 

for all f,g G A and let B x denote the completion of A/ker T x in (-,-)b x , clearly a Hilbert 
space. For convenience we recall the following definitions: A collection (H x ) xe x of Hilbert 
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spaces (H x , (•, -)h x ) together with a subspace M of rixex i s called a measurable field of 
Hilbert spaces if 

(i) an element £ G rizex ^ I s i n M ^ anc l on ly if x l— ^ (£iV)h x is measurable for any 
77 G M, 

(ii) there exists a countable set : i £ N} C M such that for all x £ X the span of 
{£i(x) : i G N} is dense in 

The elements of M are usually referred to as measurable sections. Two measurable fields of 
Hilbert spaces (H x ) xe x and (H x ) xe x are essentially isometric if there are a null set Af C X 
and a collection (^aOzeXVV of isometries <3> x : if x — >■ H x such that £ G ELex i s a member 
of M. if and only if x M- $ x (£(a;)) G .M. If A/" may be chosen to be empty, we say that 
{H x ) xeX and (H x ) xeX are isometric. 

Remark 2.2. Orthonormalizing the £j from (ii) in the respective spaces one obtains the 
following useful fact: There is a countable set {rji : i G N} C M such that for any x with 
H x infinite-dimensional, it provides a orthonormal basis and for any x with dim H x = d(x), 
T]i(x), T]dr x )(x) is an orthonormal basis and r)i(x) = 0, i > d(x). For a proof see [121 
Proposition II. 4.1] or |46l Lemma 8.12]. Note that every rji(x) is a finite linear combination 
of elements £j(x). {rji : i G N} C M is then referred to as a measurable field of orthogonal 
bases. 

Lemma 2.3. 

(i) {B x ) x& x is a measurable field of Hilbert spaces. 

(ii) Different choices of versions above lead to essentially isometric fields of Hilbert spaces. 

Proof. Let M. be the subspace of all £ G ELex &x such that x !->■ (£(x), d x f n )jg x is measurable 
for any n. Obviously all x d x f, f £ A, are in .M. For general £ G ELex^ anc l eacn 
x G X there is a sequence (#&) C .4 such that 

lim||£(x) -d x g k \\ Bx = 0. 

Hence a section £ is in AA if and only if x i-> (£(x),d x f n )B x are measurable for all n G N. 
This shows (i). 

To see (ii), assume x 1— >• r a .(/ i , /_,•) are further versions of r(/j, G Li(X, m) so that the 
previous agreements are valid and denote the similarly constructed spaces by B x . Then there 
exists a null set Af such that 

{d x fi, d x fj)g^ = (dxfiydxfj)^^ 

for all i, j £ N and x G X \ A/". By the density of A/ker T x in B x and A/ker T x in i3 x we 
obtain a unique isometry $ x from B x onto £> x for any x £ X \ Af. If now £, £ A4 then 

($ x (£(x)),4/ n )^ = (£(x),d x f n ) Bx 

for x G X\Af and all n G N, and the right-hand side is a measurable function of x. Therefore 
$ a .(£(x)) is a measurable section. Similarly for the converse direction. □ 

This construction may be rephrased as follows. For any point x G X and arbitrary simple 
tensors a ®b,c® d £ A® Bb(X) put 

(14) ^uA a ®b,c®d):= b(x)d(x)T x (a, c). 
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As a consequence of the above choice of versions every T^ x , defines a non-negative 

definite bilinear form on A ® Bt(X). Set 

ker V H .x ■= < ^ en ® h G A <g> B b (X) : r«-( V a, ® k) = 



and let be the Hilbert space obtained as the completion of A <8> Bb(X)/ker Yu,x with 
respect to scalar product determined by 

([a <g) &]„., [c <8) dja)^ = r w>x (a <8) 6, c g> d), 

where [a <E> 6] x G .A (g) B b (X) /ker T H x denotes the equivalence class of a ® b. Note that 

(15) [a <g> 6] j. = [a ® &(x)] x = b(x)[a <g> l] x for any x £ X 

and any a £g> b G .A ® Bf>(X), because r-^ x .(a ® (6 — 6(x)) = by (JT] 



Lemma 2.4. (7i x ) xe x is a measurable field of Hilbert spaces on X. (H x ) xe x and (B x ) xe x 
are isometric. 

Proof. The first assertion may be seen as in the previous lemma. For any x G X define a 
bilinear mapping ^/ x : A/ ker T x — > H x by 

(16) *x(d x a) := [a <g> 1]^, a £ A. 
Since 

(17) 11*3.(^0)11^ = ||[o(g) = r^ )a .(a <g> 1) = T x (a) = \\d x a\\ 2 Bx 

and d x a = d x a if and only if T x (a — a) = 0, ^ is well defined. By ([17]) and denseness it 
extends to a uniquely determined isometry from B x into % x . ty x is also surjective: For any 
[a <g> b] x G A® Bb(X)/ker Y^ x consider b(x)d x a. Then by linearity and (IToT) . \P a (6(^)^0) = 
b(x)[a ® l] x = [a <g) fojj;. On the other hand, A <8> Bb(X)/ker T H>X is dense in □ 

Lemma 2.5. A <g> Bb(X) is dense in ~H. 

Proof. By construction, any simple tensor a®b G C®Bb{X) can be approximated by elements 
oiA®B b {X). ' □ 

Recall that given a measurable field of Hilbert spaces (H x ) x£ x, a measurable section £ is 
called square-integrable if 

(18) / ||£(a;)||^m(dx)<oo. 

The set of all square-integrable sections together with the scalar product induced by f|T8|) is 
called the direct integral of (H x ) xe x an d denoted by J® H x m{dx). 

Remark 2.3. If {rji : i G N} is a measurable field of orthonormal bases according to Remark 
12.21 and H = u G / H x m(dx), then the sections w n , given by 



i=0 



approximate a; in if. A proof is given in [121 Proposition II. 1.6]. 

Given a^b £ A®B h with corresponding classes [a ® 6] x G % x , the symbol [a <8> 6] denote 
the measurable section i4 [a <g> 6]^. Similarly for more general measurable sections w. 
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Theorem 2.1. The Hilbert spaces H and J® H x m(dx) are isometric. In particular, for all 
u, rj G H, 

(v,v)h = / (u,r)) Hx m(dx). 
Jx 

Consequently also H and J® B x m{dx) are isometric. In particular, up to isometry, the 
definition of 1-forms in |13j Chapter 3 b) and Appendix D] arises as a special case of that in 

pug. 

Proof. For simple tensors a ® b G A ® Bf,(X) set x( a ® b) := [a <S> b] and extend linearly to a 
mapping \ '■ -4® &b{X) — > j®{u,Tj)% x m{dx). Since 



| [a ® b]x\\fi rn(dx) = / b(x) \\ [a ® l] x \\ nx m(dx) 
v J x 



X 



b(x) 2 T x (a)m(dx) = \\a ® , 



By denseness x extends to an isometry from T-L into f® T-L x m(dx) . To conclude surjectivity 

we make use of a totality argument from [TSJ, Theorem 7.3.11]. Suppose uj G J®% x m{dx) is 
such that 

= (u, [a® b)) n — / b(x)(u(x),[a®l] x ) Hx m(dx). 



Jx 

Then in particular (oj(x), [a ® 1}x)h x = f° r an a ^ f° r Tn-a.e. x. But finite linear 
combinations 'Yl li \[o J i ® ~L\x with functions dj G .4o an d rational coefficients A, are dense 
in the Hilbert space therefore = for m-a.e. x and consequently u = in 

% x m(dx). Then the closure of the range Jmx of x must be the entire direct integral. □ 

Let us agree upon the notation T^ tX (u, rf) := (cu, rf)u x for all u, rj G Ti. Analogs of Lemma 
12.11 and Corollary 12.11 now read as follows. 

Corollary 2.2. 

(i) The measure T H (u,r]) from Lemma [Ol is absolutely continuous with respect to m, 
and T n .(uj,r]) is a version of the Radon- Nikodym density dT ' H }^ l ' r ^ ■ 

(ii) I" 1 -^. provides a well defined and uniquely determined bilinear mapping r^iKxH-) 
Li(X,m) such that for any u G %, T^ t .(u,uj) > m-a.e. 

Proof, (i) is obvious and (ii) is a simple consequence of Lemmas 12.31 and 12.41 □ 

Corollary 2.3. 

(i) If u> G H is such that \\u)\\ n = 0, then Tu,-{w) = in Li(X,m). 

(ii) Ty_(uj,r]) = in L>i(X,m) if u and rj have disjoint supports. 

As in [9j [10] a differential d : C — > H is defined by 

d(a) = a® 1 , a EC. 
The following properties are simple consequences of fl3J) and (J4j. 

Corollary 2.4. 

(i) d is a derivation, i.e. it is linear and 

d(fg) = (df)g + fdg , f,geC. 
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(ii) d is bounded, more precisely, 

\\df\\ H = £(f) 1/2 , fee. 

On the other hand, Eberle [32] calls a linear map d from an algebra C into a direct integral 
j x H x m(dx) of Hilbert spaces an L 2 -differential if 

(i) the span of {fdg : f,g G C} is dense in H x m(dx) and 

(ii) d{fg) = fdg + gdf,f,geC. 

Recall f fl3|) and ffl6|) . The following result is immediate. 

Corollary 2.5. 9 is an L 2 - differential on C. Given f,g G A, we have [df] x = ^ x (d x f) and 

(df,dg) n = (d x f,d x g) Bx m(dx). 
Jx 

Remark 2.4. (i) Similar assumptions as in [13] would allow to extend formula ( TIB"]) to 
the entire algebra C, such that each element / G C can be assigned classes d x f G B x , 
x G X. Then, if df denotes the measurable vector field x i— )■ d^/, / G C, the resulting 
mapping 

d : C — > / B x m(dx) 
Jx 

defines an L 2 -differential. In this case also ffTB]) extends to all of C and yields an 
isometry ^ = J x \I/ x m(dx) taking J x B x m(dx) onto % such that d = \& o c?. Note 
that this is closely related to the representation 

H = L 2 (X,m, (H x ) xeX ) 

discussed in detail in Sections [3] and H] below (see also Theorem 12.11) . 
(ii) For the measurable field ('H x ) x< zx the function x h- > d(x) = dim'Hj. from Remark 
12.21 coincides with the pointwise index of {S,^) as introduced by Hino in |22j (also 
related to the martingale dimension of fractals, see [21]). There a detailed analysis 
of pointwise and global indices is provided and applied to first order derivatives of 
energy finite functions on a class of fractals. 

Remark 2.5. The above construction has utilized the energy measures (|2J) to generate a 
related algebraic structure. We would like to remind the reader of the well known fact that 
they also generate metric structures: 

(19) d(x,y) := sup {f(x)-f(y):feC,r{f)<ti}, x,y e X, 

where C is a core of (S,^) and r(/) < ji stands for the requirement that r(/) is absolutely 

T( f) 

continuous with respect to /x having density < 1 /i-a.e. provides a pseudo-metric d on 

X, usually referred to as Carnot- Caratheodory distance. If C separates the points of X, d is a 
metric in the wide sense (i.e. satisfies the axioms of a metric but may attain the value +oo). 
To our knowledge, f)19p has first been considered in the context of Dirichlet forms in [3 El EH] 
and [lU US]. Under the assumptions that (X,d) is complete and the topology induced by 
d on X coincides with the original one, it had been shown in [H] (together with [3S]) that 
(X, d) is a geodesic space. In [JT] the completeness assumption had been dropped. Having 
in mind the constructions of the present paper, it would be interesting to know whether (or 
for which cores C) (X, d) is a geodesic space without any further topological assumptions. 
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3. Vector fields, gradient and divergence 

As a Hilbert space H is self-dual. We therefore regard 1-forms also as vector fields, exact 
1-forms df also gradients and d as the gradient operator. As C is dense in T which in turn 
is dense in L 2 (X,/j l ), d may be viewed as densely defined unbounded operator 

d : L 2 (X,fi) -)■ T-L 

a priori equipped with the domain dom d = C. As (£, J 7 ) is a Dirichlet form, d is closable 
and extends uniquely to a closed linear operator d with domain J 7 . 

In the sequel we inquire about the adjoint d* of d. Let C* denote the dual space of C, 
normed by 



\w\ 



sup {\w(f)\: feC, 



<1} 



and automatically a Banach space. Given f,g £ C, consider the mapping 



(20) 



U H> - (<9«, 00/) 



gdT(u,f) 



X 



on C By Cauchy-Schwarz in H and Corollary 12.41 (ii) we have 



{du,gdf) H \<S{uf' 2 \\gdf\\ 



H 



which says that (120]) defines an element d*(gdf) of C* with norm bound 

WWf)\\* < \\9df\\n ■ 

To 



d*(gdf) = - / gdT(;f) 
Jx 

we refer as the divergence of the vector field gdf. 
Lemma 3.1. d* extends continuously to a bounded linear operator 

d* :H^C* 



with \\d*v || c * < \\v\\ n , v <EH. Moreover, 

d*v(u) - 

for any u G C and any v £ H. 

d* will be called the divergence operator. 
Proof. Let a«,6j £ C, i,j = 1, ...,N. Then 



(9m, v) 



n 



d* 



^2 ai ® bk ) 

v i k / 



< 



H 



Given a finite linear combination J^ fc gudfk of simple vector fields, consider the case a« = /, 
and b k = gi ii k = i and b k = otherwise to get 



< 



9kdf k 



H 



Such finite linear combinationes being dense in "H, we may extend d* to the whole of "H with 
the norm bound preserved. The last assertion is an immediate consequence. □ 
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In X = ~EL n we have the pointwise identity 

div (g grad f) = gAf + V/Va 

for / G C 2 (R n ) and g G (7 1 (R n ). Let (A, dom A) denote the infinitesimal L 2 (X, /i)-generator 
of (£, J 7 ). For / G dom A and g, u G C we have 

(21) = -£(»«,/), 

and if / G C, we may use (1211) as a definition of gAf: Since 

M/)(u)| < £{gu) 1/2 S{f) 1/2 < \\u\\ c || || c £(/) 1/2 

for any u G C by Cauchy-Schwarz and ([T]), pA/ is a well defined member of C* . Similarly 
also the energy measure T(f,g), seen as a linear functional 



T(f,g)(u):= / udT(f,g) 
Jx 

on C, is a member of C*, because ||r(/)|| c » < £(f) and by polarization 



\r(f,g\\ c *<±(£(f)~£(<j)). 



Lemma 3.2. For any simple vector field gdf , f,g G C, we have 

(22) d*(gdf) = gAf + r(f,g) , 
seen as an equality in C* . In particular, Af = d*df for f EC. 
Proof. This is now a simple consequence of the identity 

-(gAf)(u)=£(guJ)= [ gdT{u, f) + [ udT(f,g), 

Jx Jx 

u G C, which itself may quickly be verified using (j2J). □ 

Generally the inclusions C C L 2 (X,fi) C C* are proper and seen as an operator 

d* : H -> L 2 (X,/i) 

the divergence 9* is unbounded. As usual v G H is said to be a member of dom d* if there 
exists some (then automatically unique) v* G L 2 (X, //) such that (n, v*) L ^ x ^ = — (du,v) n 
for all it G C. In this case 9*w := n* and 

(23) (u,d*v) L2{Xli) ^-(du,v) n ,ueC, 

i.e. —9* is the adjoint operator of d. It is immediate that {Of : f G dom A] C dom 9*. As 
—d* is the adjoint of the densely defined and closable operator d it is densely defined, see 
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4. SOBOLEV SPACES AND COORDINATES 

For a measurable section v = (v(x)) xe x let 

, i/p 

\\ V \\L p (X,m,(H x ) xeX ) ■= [J x \K\\uM dx ) ' 

for 1 < p < oo and 

\M Loo (x,mM xeX ) :=esssup||^||^ 

and define the spaces L P (X, m, (H x ) x ex), 1 < p < oo as the collections of the respective 
equivalence classes of m-a.e. equal sections having finite norm. By a variant of the classical 
pointwise Riesz-Fischer argument they form Banach spaces, separable for 1 < p < oo. Note 
that U = L 2 (X,m, {H x ) xeX )- 

For 1 < p < oo and 1/p + 1/ q = 1 the Holder inequality 

Vp / r \ 1 li 



(24) 



{v x ,w x ) n m(dx) 



X \J X / \J X 



M / \\vx\\ P H m(dx)\ / \\w x \\ q H m(dx 



for v G L p (X,m, (T-L x )), w G L q (X,m, (7-L x )) follows from Cauchy-Schwarz in T-L. We will 
write (w, v) for the the integral on the left hand side. 

If / G Bb(X) and v = (v(x)) xe x £ L p (X,m, (T-L x )) then the product fv is defined as the 
measurable section x h-> f(x)v x , i.e. pointwise. Since 

Wf V \\L p (X,m,(H x ) x ) = (j x ll/W^IIL rn(dx)\ < \\f\\ Lao{x ,m) W V W L p (X,m,(H x ) x ) 

the operation v i— )■ /u is linear and bounded in L P (X, m, (H x )) and is continuous with respect 
to the pointwise convergence of uniformly bounded sequences, i.e. if sup n H/nll^^m) < 00 
and lirn n / n = / pointwise m-a.e. on X, then \im n f n v = fv in L P (X, m, (H x )) for all 
v G L p (X,m, (H x )). For p = 2 this multiplication coincides with (JSJ). 

In the sequel we will assume that for any 1 < p < oo there is a space C p C C fl L p (X, m) 
such that 

(COREI) C p is dense in L p (X,m), 
(COREII) C p ®C P is dense in L p (X,m, (H x )x) an d 

(COREIII) for all / G C p , the energy measure r(/) is absolutely continuous with respect to m 
with density 

r(/) = ^iei p/2 (i, m ). 

Let d p denote the restriction of d to C p . By (COREIII) d p maps C p into L p (X,m, (~H X ) X ). 
(COREII) implies closability: 

Lemma 4.1. (d p ,C p ) is closable for any 1 < p < oo. 

Proof. Let (/ n ) C C p be a sequence of functions converging to zero in L p (X,m) and such 
that (dpf n ) is Cauchy in L P (X, m, (H x )). As the latter space is complete, a unique limit 
v := \im n d p f n G L p (X,m, (H x )) exists. For an arbitrary member / <g> g of C q ® C q with 
1/p +1/(7 = lwe have 

(/ ® 5 , u) = lim (/ ® (/, 9 p / n ) = lim (/ ® ^, 9/ n ) w = - lim 9* (^9/) (/„) = 

n n n 
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by Lemma \3. II and because d*(f <8)g) G C* according to Lemma [3.21 By (COREII) therefore 
lim n d p f n = in L P (X, m, {U x )). □ 

Denote the smallest closed extension of (d p , C p ) by (d p , domd p ), by (COREI) it is a densely 
defined closed linear operator from L p (X,m) into L p (X,m, (H x )). Note that for any simple 
vector field gdf with f,g<EC p we then have 

(25) \\9df\\ Lpi x, m ,(H xM = (jf \9(x)\ p T x (f) p/2 m(dx) 

Given 1 < p < oo write H^' P (X } m) for dom d p , equipped with the norm 

(\u(x)\ p + \\d x u\\ p H J m(dx) J ,u G H^{X,m). 

As ||-|| lp is equivalent to the graph norm of d p , Hp(X,m) is a closed subspace of L p (X,m), 
clearly Banach, and continuously embedded in L p (X,m). 





Remark 4.1. 

(i) (COREI)-(COREIII) in particular imply that C 2 is dense, (<9 2 ,C 2 ) is closable and 
therefore (S , H^' 2 (X , m)) is a Dirichlet form on L 2 (X,m). 

(ii) In general L 2 (X, p) ^ L 2 (X, m) and HQ 2 (X,m) ^ J 7 . However, if m and p are 
equivalent with bounded densities, then these spaces agree and ||w|| 12 is equivalent 
to^(n) 1 / 2 . 

Let 1 < p < oo. The divergence operator d* may be seen as an unbounded operator d* 
from L q (X,m, {'H x )) into L q (X,m), 1/p + \jq = 1, and similarly as in (123]) we obtain an 
integration by parts formula by saying that an element v G L q (X, m, (H x )xex) is in domd* if 
there is some v* G L q (X, m) such that (u, v*) = — (du, v) for all u G C p . We write d*v := v* 
and 

(u, d*v) = — (du, v) ,uE C p . 
By duality domd* is then weakly dense in L q (X,m), cf. [36J. 

Examples 4.1. If X C M. n is a sufficiently nice domain, m(dx) = p(dx) = dx is the n- 
dimensional Lebesgue measure on X and 

£(f,g)= [ VfVgdx 
Jx 

is the Dirichlet form of the standard Laplacian, all fibers T-L x = W 1 are constant, a canonical 
choice for C p is C^(X) and T(/) = |V/| 2 . Similarly for more general second order elliptic 
differential operators. 

A method to prove assumptions (COREI)-(COREIII) in some non-classical contexts is the 
following. Let us say that £ admits (continuous) coordinates if there exist a set / ^ and 
a collection of functions {ipi} ieI C C such that 

(COI) for all i,j G /, T((pi,(pj) G Li(X,m) H Loo(X,m), 

(COII) {(pi} ieI separates the points of X and vanishes nowhere, i.e. for any two distinct 
points x, y G X there exist some i,j G / such that (pi(x) ^ ¥>i(y) and fj(x) ^ 0, 
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(COIII) The set FG\{X, {^>i}) of all cylinder functions of form 

f = F(<p il ,...,<p im ), H,...,i k el 
with suitable fceN and F G C 6 1 (M fe ) is £-dense in C. 

A function / G C is said to be in dom A m if there is a function A m f G L 2 (X, m) such that 

= - (9,Amf) L2{x , m ) 

for all g E C. 

Lemma 4.2. Suppose {(pi} ieI C dom A m fl Li(X, m) such that for all i,j G /, A rn (pi G 
Li(X, m) fl Loo(X, m) as we// as G dom A m ana 1 A m ({piipj) G Li(X, m) fl L^X, m). 
Then condition ( COI) follows. 

Proof. In this case 2£(<fih, ipi) — £(h, ipf) = f x h(2<piA m ipi — A m ipf)dm for all h G C, cf. [6], 
and consequently for all i, j G /, r(^, yjj) = — A m (<^i</?j)+<^iA m <^+<^jA m <£>, by polarization. 
Then, according to our hypotheses, T((pi, y?j) G m) fl Loo(X, m). □ 

Examples 4.2. Let (£, J 7 ) be a resistance form, [26], on a finitely ramified fractal X, which is 
defined as a specific type of cell-structured compact topological space, see [47] for the precise 
definition. Let (pi, (p^ be a complete, up to constants, energy orthonormal set of harmonic 
functions and define a finite reference measure by 

k 

(26) m:=J2 T M 

(Kusuoka measure), where r(^) are the energy measures of the functions tpj. A function 
/ is said to be in the domain of the associated Laplacian A m if there exists a function 
A m / G L 2 (X, m) with 

£(f,g) = - / g A m f dm 

Jx 

for any g £ F vanishing on the boundary (in the sense on finitely ramified fractals), which 
yields a weak definition for the Laplacian A m as the mapping / i— > A m f. Consider the 
coordinate map ip : X — » M. m , ip(x) = (<px(x), (pk(x)), cf. [47J. We assume that ip '■ 
X — > ip(X) is a homeomorphism. This implies that all <pj are continuous on X, cf. [171 
Proposition 5.3]. It also implies that they separate points. By construction they vanish 
nowhere. Clearly <pi, <p k G domA m fl L QO (A, m) and A m (fj = for all j. By [UJ Theorem 
8 respectively Corollary 6.1], <fi<fj G domA m and A m (<pi<pj) G L^X^m). Consequently £ 
admits coordinates by Lemma 14.21 

Given cylinder functions / = F(ipi 17 ■ ■■(pi m ) and g = G((pj 1} ...,ipj n ) with F G C^(R m ), 

fc=i /=i fc ' 

by the chain rule, cf. [16], Theorem 3.2.2. In particular, T(f,g) is a member of L^X, m) 
and has compact support. Obviously FCl(X, {^i}) is a subalgebra of C^X), and by the 
Stone- Weierstrass theorem together with the denseness of Cq(X) in L p (X,m) we obtain the 
following. 
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Corollary 4.1. Assume that £ admits coordinates {^i\ ieI - Then for any 1 < p < oo 
assumptions (COREI) and (COREIII) are satisfied with C p = FC^X, 

Another consequence concerns the spaces L p (X,m, {H x ) x ). 

Lemma 4.3. Assume that S admits coordinates Then for any 1 < p < oo, 

S : = span {gdf :f,ge TC\{X, { Vt })} 

is a dense subspace ofL p (X, m, (H x ) x ) . In particular, ( CORE II) holds with C p = JFCl(X, {y?i}) ■ 

Proof. By (j25|) it is easily seen that for any 1 < p < oo, S is a subspace of L P (X, m, (H x ) x ). 
Next observe that 

S : = span {gdf : / G TG\{X, {^}),gE B b (X)} 

is dense in H = L 2 (X,m, (H x ) x ) because, by the definition of "H, it suffices to approximate 
finite linear combinations £V Oj £g> 6j G C ® #&(Jf). For fixed i, let (a^) m C J-Cl(X, {y?j}) 
be a sequence approximating a« in S. Then 

^ Oj ® hi - ^2 a i m) ® h 

i i 

which is bounded by 2maxjsup x \hi\ 2 ^ Ji S{a i — a\ m) ) and therefore converges to zero as m 
goes to infinity. 

Sq is dense in L p (X,m, (H x )x)' Assume it were not, then by Hahn-Banach we could find 
some r] G L q (X,m, {U x ) x ), 1/p+l/q = 1, such that \\v\\L q (x,m,(H x ) x ) = 1 and 

(27) (u,r}) = forallwG5 . 
For any iV G N let Kn C X be compact such that m(X \ K^) < 1/N and set 

S N := {x G X : \\ri x \\ Hx < iV"} fl K N . 

Then 

lim IMs* - ^III 9 (x, m ,(^M = / I Wz) " II^IIL m W = 

by dominated convergence and accordingly for fixed e > there exists some N e > such 
that for any iV > N £ , \\t)1s n — v\\l (x m (n x ) x ) < e ' Note a ^ so that V^-s N £ % f° r all iV G N 
since 

/ ||%l 5iV (x)||^m(rfx) < N 2 m(K N ) < oo. 
Jx 

As IMsJl,^,™,^),) > 1 necessarily also 

5tv := WvT-SnWh > 0. 

Now let (u n ) n C «So, cjn = Xli !"'' ® be a sequence that approximates r/ls^ in %. Let 
< 7 < 5/v and n G N be so large that 

\\t]1 Sn -u n \\ H < 7. 

Since | (l SN r), 1 Sn V -u n }\< 7<$jv we obtain 

(28) | (1 Sn oj, r))\ = \ (u, 1 Sn v) I > S N (5 N - 7) > 0. 
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J2J2j x b i b J dT ( a i 



On the other hand 



itself is an element of <So- Therefore (128]) contradicts ([zj 
5 in turn is L p (X,m, (H x ) x )-dense in So: Let ^ajfgJ&j G TC\{X, {<Pi}) ®Bb(X). Any 6j can 
be approximated uniformly by a sequence (frf" - '')™ from Coo(X), and by Stone- Weierstrass 
this sequence may be taken from TG\{X, {fi})- Then by (|25|) . 

i/p 



L p (X,m,(H x ) x ) 



J2 [J x M x ) - b { r\x)\VT x { ai yl 2 m{dx) 



clearly converging to zero. 

□ 



Remark 4.2. If £ admits coordinates then (£,J-Cl(X, {fi})) is closable and the choice C2 := 
J-Cl(X, {tpi}) yields a regular Dirichlet form (£, H Q ' 2 (X,m)) on L 2 (X, m), cf. Remark 14.11 

We conclude this section with a brief look at the related p-energy. For fixed 1 < p < 00 
the mapping 

f^£ p (f) := / T(f)^ 2 dm, f G Hi*(X,m), 

is usually referred to as the p- energy functional. One may define a functional of two argu- 
ments by 

(29) Eptf,9):= ! T(fr/ 2 - 1 T(f } g)dm } f,g G H^X, 

Jx 

Note that £ p (f,f) = £ p (f) and that by Hdlder's inequality, \£ p (f,g)\ < £ p (fY p - 1)/p £ p (g) 1/p . 
For sufficiently nice functions <p, ip (for instance for ip, if> G domA m satisfying the hypotheses 
of Lemma [4.21 in place of ipi and <fj) we observe 

1 d 
p dt 

A generalized p-Laplacian may be defined in the weak sense by associating to / G Hq' p (X, m) 
the element A p f of the dual space (Hq' p (X } m))* given by 



m) 



£ p ((p,ip) := -— £ p (p + tip)\t=o- 



(A p f)(g) := -£ p (f,g) = - I \\d x f\\ p - x 2 (d x f,d x g) Hx m(dx) = - (\\d.f\\%* df,dg) H 



x 



g G Hq ,p (X, m). Integrating by parts we obtain 

A P f = d;(\\d.ff- 2 df). 

If A = A is the classical Laplacian on IR n and m(dx) = dx the n-dimensional Lebesgue 
measure, then A p is the usual p-Laplacian. 

Remark 4.3. Another definition for a p-energy on Sierpinski gasket type fractals had been 
proposed in [18] , a related p-Laplacian had been investigated in [43J . To attempt a compar- 
ison, we first rewrite our previous definition. For simplicity, let X = K be the Sierpinski 
gasket K = \J i=1 F t K, where {Fi, F 2 , F 3 } is the iterated function system of contractive sim- 
ilarities Fi with common contraction ratio ~ and fixed points qi, q 2 , (fa which are the vertices 

18 



of an equilateral triangle. Let Vq = {qi, q 2 , <?3} and V m = Ui=i FiVm-ii rn > 1. Write F w for 
F W1 ■ ■ ■ F Wn and a word w = (w±, ...,w n ) of length \w\ = n over the alphabet {1,2,3}. By 
Kusuoka's construction, [23 EHJ HZ], we have 



£(/)= / r(/)dm= / (VF(^(i),^(i)),^VF(^i(i)^2(i))> 8J (lm 

for functions / = F(tpi,tp2), where {ipi,ip 2 } is an energy orthonormal basis of harmonic 
functions and F G C^(IR 2 ). The measure m = T(<pi) + T(ip 2 ) is the Kusuoka measure as in 
f[2T)j) . V-F is the usual gradient of F in IR 2 and Z = (Z x ) x£ k is a measurable (2 x 2)-matrix 
valued function on K such that rank Z = 1 and Tr Z = 1 m-a.e. It arises as the m-a.e. 
limit of a bounded (2 x 2)-matrix valued m-martingale (Z n ) nG pj, cf. [291 HZ]- Accordingly 
for fixed / as above, ((VF((pi,(p2),Z n 'VF((pi,ip2))- S 2)neti is a bounded m-martingale with 
m-a.s. limit (VF((fi, ip 2 ), ZVF((fi, ipz))-®?- We have 

£(/) = lim / (^F(ip x ,ip*),Z n VF((pi,(p 2 ))wdm 

and 

/V7W ^ 7UP/ \\ 1 r ~ n Ya=iU (F w qi) - f{F w q i+1 )) 2 
(VF(ip 1} <p 2 ) } Z n VF(ip 1} <p 2 )} R2 = l FwK — — 

\w\=n 

(where q^ := qi) for / = F(ipi, ip 2 ), F G C 1 (M 2 ). Here r = |. By bounded convergence also 

= / r(/)^ 2 dm 
./if 



n— too 



lim / (VF((p l ,(p 2 ),Z n VF((p l ,(p 2 )) 1 ^2 dm 

K 



p/2 



and each member of this sequence is comparable to 



n— >oo 

\w\=n 



r - np /2 y z^uy^mrzJ ^ w(F ^ 
^ m(F w K)p/ 2 V 10 ; 

|ui|=n 

The p-energy in [18] had been constructed by solving an abstract renormalization prob- 
lem whose solution allows to define the p-energy as the limit of an increasing sequence of 
approximative p-energies on the sets V m . Each member of this sequence is comparable to 

n ST Eti \f{F w qj) ~ f(F w q i+1 )\ p 
p 4^ m(F w K) rn^K), 

\w\=n 

where r p is a scaling factor that is part of the solution of the renormalization problem. The 
construction is not very explicit and therefore it seems difficult to read off specific properties. 
However, since it is known that along different infinite words w = w\w 2 w^... the quantity 
m(F w \K), where w\ n = Wi...w n , has different growth behaviour, cf. [5], one cannot expect 
the ratios 

r -np/2 m (_F Hn .K-)l-p/2 

r —n 
P 
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to have nontrivial and finite limits simultaneously for all infinite words w asn goes to infinity. 
Accordingly the domains of the two p-energies will most likely be disjoint. 



5. Applications to PDE and SPDE 

In this section the discussed setup is used to solve PDE and SPDE by fixed point and 
monotonicity arguments. We focus on equations involving terms u \-¥ div a(grad u) and 
u i — y b(Vu), where a and b are possibly nonlinear transformations. In our context these 
expressions rewrite u \- > d*(a(du)) and u \- > b(du), respectively. 

Quasilinear elliptic PDE in divergence form. Consider the quasilinear PDE 

(30) d*a(du) = f. 

One possible setup to study fl30|) is given by the Hilbert space L 2 (X, /i). In this case / should 
be an element of L 2 (X, fi) and the gradient d and divergence d* should be interpreted as in 
Section [3J 

An alternative setup is to view f l3"U|) in L 2 (X, m). This is possible whenever S admits coor- 
dinates, recall Remark 14.21 Then d = d 2 and d* = d% are to be interpreted as in Section H] 
and / is to be taken from L 2 (X,m). For convenience we write v :— fi and Ho'\X,u) := J= 
in the first case and v :— m and Hq 2 (X, v) := Hq' 2 (X, m) in the second. 
Im d denotes the image of H^' 2 (X, v) under <9, clearly a closed subspace of %. 

Assume that a : H — > H satisfies the following monotonicity, growth and coercivity 
conditions: 

(31) i a i v ) ~ a(w),v — w) n > for all v, w G Im d, 

(32) \\a(v )\\ n < co(l + \\v \\ n ) ior&llvelmd 
with some constant c > 0, 

(33) (a(v),v) n > c\ ||f \\ H — c 2 for all v G Im d 

with constants C\ > 0, c 2 > 0. Finally, suppose the validity of a Poincare inequality, 

(34) \\f\\l 2( x, v )<cp£(f) 

with some constant Cp > for all / G L 2 (X, v) with J x fdv = 0. A function u G Hq' 2 (X, v) 
is a weak solution to l[3ty) if 

(a(du),dv) n = - (f,v) L2(Xl/) for all v G H%\X, v). 

The classical Brouwer-Minty monotonicity arguments based on Schauder's fixed point 
theorem, cf. [T4"| Section 9.1], now yield the following: 

Theorem 5.1. Assume a satisfies (ffflp. / f5^) and / f5^) and suppose (TM) holds. Then §3U\) 
has a weak solution. Moreover, if a is strictly monotone, 

(35) ( a i v ) ~ a(w),v — w) n > c 3 \\v — for all v,w G 

with some constant C3 > ; then [3^1 has a unique weak solution. 
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Remark 5.1. If a is a decomposable (non-linear) operator, that is if a = (a x ) x( zx with a x : 
H x —> H x , x G X and m — esssup^^ ||a x ||^ < °°? then to have (I35I) it is sufficient to 
have 

(a x (v{x)) - a x {w{x))) Hx > c 4 \\v(x) - w(x)\\ Hx 
with a constant C4 > for all v , w G H and m-a.e. a; G X. Likewise for conditions (l3"Tj) - (l33p . 

Quasilinear elliptic PDE in non- divergence form. Consider the PDE 

(36) - Au + b{du) + gu = 0, 

where g > and 6 is a generally non-linear function-valued mapping on %. Also (136]) can 
be viewed in the two different setups mentioned above, and we follow the same notational 
convention. In particular, we assume that b : H — > L2 (X, v) such that 

(37) II^)IIl 2( x,,)<C5(1 + IMU, velmd, 

with some C5 > 0. A function u G Hq' 2 (X, v) is called a weak solution to (1361) if 

£(u,v) + (b(du),dv) n + q(u,v) MXv) = 

for all v G Hq' 2 (X, v). Along the lines of O Section 9.2.2, Example 2], we obtain the 
following. 

Theorem 5.2. Assume that the embedding Hq ,2 (X, v) C L^{X, v) is compact and that (Wl) 
holds. Then for any sufficiently large g > there exists a weak solution to j[3h)) . 

For convenience we briefly comment on the proof. 

Proof. Given u G Hq 2 (X, is), note that —b(du) G L 2 (X, v) and denote by w the unique weak 
solution to the linear problem —Aw + gw = —b(du), i.e. the unique function w G Hq 2 (X, v) 
such that 

(38) £(w,v) + q(w,v) L2(x>v) = - (b(du),v) L2{XiV) 

for all v G Hq 2 (X, v). From (1371) we obtain H^HIwx,!/) — c (^ + 1 1 ^ 1 1 1 2)5 w here ||-|| 12 
denotes the norm in H^ ,2 (X, v). By the compact embedding, the mapping u 1— > $(w) := w is 
easily seen to be continuous and compact from Hq 2 (X, v) into itself. See [TH Section 9.2.2, 
Theorem 5]. The set 

{u G H l /(X, v):u = A$(u) for some < A < l} 
is bounded in Hq ,2 (X, v): For a member of this set, (138]) implies 
£{u) + e UmII^^) = -A (b(du),u) L2{Xu) 

< \\ h {du)\\ L2(Xu) \\u\\ L2(Xu) 



< c 5 e(l + ||9u|| w )e 1 ||w 

< c 5 (£ + e£(u) 1/2 + e~ x \\u 



<c(l + e 2 S(u) + e- 2 \\u\\ 2 L2{Xu) ) 

for any e > and with a constant c > independent of e, A and w. Now choose e > 
sufficiently small and £> > sufficiently large to obtain 

Hwllj 2 < 2c. 
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Altogether this allows the application of Schaefer's fixed point theorem, cf. [T4"| Section 
9.2.2, Theorem 4], to obtain the existence of a fixed point u = $(tt) in Hq' 2 (X, v). □ 

SPDE in variational form. Another class of nicely tractable examples is provided by SPDE 
in variational form as studied by [28] and [33], see for instance the exposition in [35]. Here 
we assume throughout that £ admits coordinates. For simplicity consider Ito SPDE with 
additive Brownian noise of type 

(39) du(t) = d*a(du(t))dt + y/QdW(t) 

on (0, T) x X with some initial condition u(0) = u . Here (W(t)) t >o is a cylindrical Wiener 
process on L 2 (X, m) of form 

oo 
k=l 

where is a sequence of mutually independent one-dimensional standard Brownian mo- 
tions on a filtered complete probability space (fl, J 7 , (J r i ) t >o, P), and {e^} is an orthonormal 
basis in L,2(X,m). In the sequel let 2 < p < oo and assume m(X) < oo if p > 2. Then 
L p (X,m) C L 2 (X, m), and we have 

Hi*(X,m) C L 2 (X,m) c (ffJ^X.m))* , 

where as before (H ' P (X, m))* denotes the dual space of H ' p (X,m), and the embeddings 
are continuous. We write 

(u,v) := v{u) for u G (Hq P (X, m))* and v G H ' p (X,m). 

Generalizing the growth condition fl32l) we may require a to be a bounded operator 

a : L p (X,m, {H x ) x ) -> L q (X,m, {H x ) x ) 

with 1/p + 1/q = 1 and such that 

( 4 °) IK^II^m,^)*) ^ C °( X + ll^UCpCm,^),)) 

for all w G L p (X,m, {H x ) x ). 

Remark 5.2. (1401) is obviously valid with p = 2 if a = (a x ) x with bounded operators a x : 
H x — > T-L x such that m-ess sup xgX H^H-h < °°- 

The following is a simple consequence of the Holder inequality (|24|) : 

Lemma 5.1. If a satisfies [JW then d*a(d-) defines a bounded operator from HQ ,p (X,m) 
into {Hl> p {X,m))* with 

Wa{du)\\ {Hl , P{Xm)y < c 6 (l + \\u\\ p -i, P{Xtm) ) , 

u G HQ ,p (X,m), with a constant Cq > 0. 

Similarly as in the case of fl30|) we may invoke a general solution theory [28], [33] . provided 
some regularity conditions are satisfied. In addition to (T4T)1) we will require the versions 

(41) (a(df),df) > d ||/||^ - c 2 ||/||i 2(Xim) for all / G H^(X,m) 
with constants c\ > 0, c 2 > and 

(42) (a(df) - a(dg),df - dg) > c 3 ||/ - <?llL(x,™) for a11 />S e H^ p (X,m), 
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with C3 > of (|33|) and (1351) with the left hand sides interpreted in the sense of duality. 
Finally, assume that for all u,v,w from the image Imd p of HQ' p (X,m) under d p , 

(43) the function A 1— > (a(u + Xv), w) is continuous at zero. 

Remark 5.3. Note that if (j4"0j) is valid and a = (a x ) x is decomposable as before, the relation 

lim (a x (u(x) + Xv(x)), z{x)) Hx = (a x {v{x)), z{x)) Hx 

for m-a.e. x G X implies fpfSl . because 

I (a(df + Xdg),dh) I < c(l + + |b|| ljP ) |N| liP , f, g,h & H^{X,m), 
as one can easily verify. 

A continuous (J-^-adapted process w = (-u(t)) tg [ ,T] is called a solution to / fffPj) if 

E r(||u(t)||; iP + ||«(t)||^ fm) )dt<oo 
./o 

and 

u(t) = u(0)+ [ d*a(du(s))ds+ [ y^QdW(s) , te[0,T], 

seen as an identity of (Hq ,p (X, m))*-valued functions, where u is any H ,P (X, m)-valued 

progressively measurable dt (g) dP- version of u. 

The following is a special case of the classical results in [28, 35J. 

Theorem 5.3. Let 2 < p < 00, m(X) < 00 and assume that a satisfies (Rffj ) and 

$3$. Let 

E I ^rn(^) < 00. 
Jx 

Then / T5Pj) has a unique solution u. 

Examples 5.1. A specific example is given by the following stochastic p-Laplace equation: 
Let a = (a x ) xeX with 

a x (v(x)) := ||f (x)||^_ 2 v (x), v G Imd p . 

We have \\a{v)\\ Lq{x ^ {Hx)x) = IMIj£(x,m,(«.)«) by Hdlder's inequality, hence (005 holds. Con- 
dition fj43|) rewrites 

lim f {\\d(u + Xv)(x)\\ P nx 2 (d(u + Xv)(x),dw(x)) nx 

- ||<9w(x)||^~ 2 (du(x),dw(x)) n J m(dx) = 0. 

But this follows by dominated convergence, the pointwise limit being obvious from the 
continuity of ||-||^ for fixed x and a dominating integrable function being provided by 

(\\dv(x)\\£ + WdvtfWZ 1 ) WOvWWZ 1 . 
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(142]) holds with C4 = because 



/ {\\df(x)\\ P n x + \\dg(x)\\ p Hx - \\df(x)\f nx 2 (df(x),dg(x)) Hx 
Jx 

- \\dg(x)\\u x 2 ( d f( x ), d 9( x ))nJ m ( dx ) 
Jx 

Condition (j4Tj) follows immediately if we assume the validity of a p-Poincare inequality 

(44) \\f\\ P Lpi x, m) <cp / \\df(x)\\ P Hx m(dx) 

with some cp > for all / G L p (X,m) with J x fdm = 0. For smooth bounded Euclidean 
domains (jHJ) follows by classical arguments. A non-classical case we are particularly inter- 
ested in arises if (£, J 7 ) is a regular resistance form [251 [26], with a Dirichlet domain J 7 in the 
sense that there is a point p G X such that f{p) = for all / G J 7 . Note that as elements 
of J 7 are continuous in the resistance metric, pointwise evaluation makes sense. Examples 
include regular harmonic structures on p.c.f. self-similar sets, [25], but also non self-similar 
spaces [37] and some infinitely ramified sets such as Sierpinski carpets [2]. In this case we 
have 

(45) supl/^l^c^/) 1 / 2 , xeX, 

x 

with some c > and for all / G J, see for instance [25| Lemma 5.2.8] and its proof. Under 
the previously made assumptions m(X) < 00 and 2 < p < 00 inequality now follows 
immediately from (|45p . Another situation where cases of (|4"4"|) are easily verified arises if a 
regular Dirichlet form admits a Sobolev inequality 

\\f\\2 ds/{ds -2)<c£(fy /2 

for all / G J 7 with J x fdm = 0, where d s > 2 is the spectral dimension. Together with 
m(X) < 00 this implies (JHJ) for 2 < p < 24/ (d s - 2). 
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